Abstract. Approximation of solutions to diffusion equations with memory represented by convolution integral terms is considered. Such problems arise from modeling of flows in fissured media. Convergence of the method is proved and results of numerical experiments confirming the theoretical results are presented. The advantages of implementation of the algorithm in a multiprocessing environment are discussed.
Introduction
We present a convergent method of fully-discrete approximation of solutions of diffusion equations with integral convolution terms. Equations of this type arise in the modeling of evolution phenomena where memory effects occur. In our research we were motivated by a problem of diffusion in fissured media described in [14] (see also [3, 25] ) in the form u t + Lu t − ∇ · (D∇u) = f (x, t) , (x, t) ∈ Q (1) where u is the unknown density or concentration of the fluid, u t = ∂u ∂t , D is the diffusivity tensor and f is the external source term. L is the convolution operator Lv = τ * v = t 0 τ (s)v(t − s)ds with kernel τ which is a continuous real-valued integrable function. Its values are derived from microscopic properties of the domain of the flow; see [14, 25] . The equation is to be solved in the cylinder Q = Ω × I with time interval I = (0, T ) and open bounded spatial domain Ω ⊂ R d , d = 2, 3, with smooth boundary Γ = ∂Ω. The homogeneous Dirichlet boundary condition and the initial condition u(x, t) = 0 , x ∈ Γ , t ∈ I , (2) u(x, 0) = u 0 (x) , x ∈ Ω (3) complete the model.
Note that the equation (1) for τ ≡ 0 (or τ equal to the Dirac distribution) reduces to the standard diffusion equation. The diffusion equation is derived on the assumption that the response of the solutions to the control components of the model is "instantaneous." It is well known that real world phenomena are rarely instantaneous, and it is important to consider methods of analysis and approximation applicable to problems where memory effects occur.
In modeling of flows in fissured media one has to take into account the "history of the flow". In distributed microstricture models of flows in fissured media (for modeling, analysis and approximation see [1, 30] ) the history is modeled by coupling with the microstructure, and the model has a structure different from (1) . (For the discussion of both models see [2, 25] .) The memory effects in (1) are represented by the convolution integral term Lu t . The graph of the convolution kernel τ met in applications lies usually between the two extremes, i.e., "between" τ ≡ 0 and Dirac distribution; τ is positive, integrable and decreasing, in general unbounded with a singularity at the origin. The character of τ has an essential influence on the solution to the model. (See the discussion on patterns of flow corresponding to different convolution kernels in [26] .) The possible singularity of τ makes delicate the analysis and approximation of solutions to the problem.
Let τ ∈ L 1 (I). Then obviously the linear operator L is bounded on L p (I), p ≥ 1. Moreover, if τ is a positive kernel then L is monotone on L 2 (I) (see [12, 14, 18] ). This property leads to the existence-uniqueness results for the problem (1)-(3) (see [14, 25, 28] ). Our goal here is to present a method of numerical approximation of solutions to (1) . We assume that τ ∈ L 1 (I) ∩ C(I) , τ (t) ≥ 0, ∀t ∈ I, (4) τ (·) is a monotone nonincreasing function.
Our assumptions on τ are slightly weaker than those required for the well-posedness of the model.
We note that memory integral terms arise in different applications (e.g., theory of heat conduction with memory [21, 23] and homogenization limits of conservation laws [19, 32, 33] ), but not much research has been devoted to their approximation. On the other hand, approximation of Volterra integrals of the type arising in viscoelasticity was studied for smooth and bounded kernels in [6, 15, 22, 24, 31] and recently in [20, 34, 36] for more general data. Further, the author of [17] studies numerical approximation of convolution integrals in the framework of discretized operational calculus; these results however were unknown to us at the time our research was done. In the framework of product integration methods (see [16] ), which we adopt here, general approximation methods for integral terms may be constructed. In the approximation method presented below we combine finite elements for discretization in space with a counterpart of the implicit Euler scheme for discretization in time, with special attention applied to the integral convolution terms. Up to that treatment, the technique applied below is standard for finite element approximation of diffusion problems (see [29, 35] ). In order to decrease the overall computational time spent for the calculations, we suggest implementing the numerical algorithm in a multiprocessing environment. We address also the issue of computer memory storage which is critical for the implementation. We note that the algorithm presented in this paper provides a basis on which approximation to solutions of complicated models of flows can be constructed (see [26, 27] ).
The plan of the paper is as follows. In Section 2 we define the approximation to the solutions of (1)-(3) and prove its stability. In Section 3 the main result, i.e., the convergence of the fully discrete scheme, is proved. Section 4 contains results of numerical experiments which confirm the convergence theorem. In the last section we suggest implementation ideas that improve effectiveness of the algorithm.
Throughout the paper we use standard notation and results on Sobolev spaces and finite element approximation. For the details we refer, e.g., to [7] . We set
, and denote by (·, ·) the scalar product in H, by · the norm in V , by | · | the norm in H, and by c P the constant in the Poincaré inequality |v| ≤ c P v , v ∈ V . We use · k,m,t to denote · L k ((0,t);H m (Ω)) .
We also refer frequently to the function T (t)
, t ∈Ī, and we denote C τ (t) = T (t) + 1. Also, C denotes a generic positive constant, independent of essential quantities (in particular, of discretization parameters).
Definition of approximation
In this section we define an approximation scheme for diffusion equations with convolution terms. We first pose an abstract Cauchy problem corresponding to (1)-(3) and prove the related stability result. Then we specify the discretization with respect to the time variable and the appropriate discrete counterpart of the convolution terms and prove stability of the defined semi-discrete scheme.
In what follows we restrict ourselves for simplicity to plane convex polygonal domains Ω ⊂ R 2 and to constant symmetric diffusivity tensors D satisfying the ellipticity condition 2 i,j=1
We also assume
The abstract Cauchy problem corresponding to (1)-(3) is 
and by (5) is symmetric, continuous and V -elliptic, i.e., the following inequalities hold:
with positive constants c a , k a . Also for some constant c D > 0 we have
Before proceeding to define the discrete counterpart of the problem (1)- (3) , we first prove the stability result for the continuous case. This result is given only for the exposition, as its proof should make easier the understanding of corresponding results for the discrete case to follow below. For the sake of this exposition we restrict ourselves momentarily to bounded convolution kernels, an assumption which is by no means necessary in our main results below. The continuous stability result for the general case of unbounded kernels is proven in the Appendix to this paper. Lemma 1. Let τ satisfy (4) and let additionally τ be differentiable and defined at t = 0. Let also u be a solution of (7)- (8) . Then u satisfies
Proof. Equation (7) can be rewritten by using properties of convolution and the fact that τ (0) exists (the singular case is treated in the Appendix),
Multiply (9) by u and integrate the resulting identity over Ω to obtain
Now use Schwarz inequality, positive definiteness of M and the fact that τ (t) ≤ 0 to estimate
Consider the set J = {t ∈ I : |u(t)| = 0}. At those t ∈ I − J, we have
Since the closed set J consists of accumulation points (at which the inequality (11) holds because the left side is zero), and a countable number of isolated points, we may integrate over (0, t) to obtain
The last two terms arise from a change of order of integration in the last term of the previous identity. Finally, positivity of τ and (8) yield
Next we define the discretization in time. Take integer n > 0, define the time step ∆t = T /n and split I into n subintervals I k , 1 ≤ k ≤ n, of length ∆t, with t k = k∆t. We deal with approximations of functions defined on I. The piecewise linear approximation of a function v defined in I is the functionv of values interpolated between the discrete values v(t k ), 0 ≤ k ≤ n, hence, linear in each I k . The piecewise constant approximation v is defined by the set of mean values
, where χ k (·) denotes the characteristic function of I k . Now we specify the discrete counterpart for the convolution term. Let v ∈ L 2 (I) and let τ satisfy (4). The piecewise constant approximation to Lv is defined by the set of values
We set
so that in the particular case when v is a step function, i.e., v(t) = n k=1 v k χ k (t), the piecewise constant approximation Lv of Lv reads
This last representation is very convenient, because it displays the convolution character of the discrete counterpart of L. Below we establish some auxiliary technical facts relevant to it. Lemma 2. Let τ satisfy (4). Then the coefficients (η r ) n−1 r=0 have the following properties:
Then ϑ r ≥ 0 for r ≥ 2, and for ∆t sufficiently small, 1 + ϑ 1 ≥ 0. Moreover,
Proof. The first property follows directly from nonnegativity of τ and the definition of θ j,k , which implies θ j,k ≥ 0 for j ≥ k and θ j,k = 0 otherwise.
Note that T (·) is continuous, positive and nondecreasing. By definition we have
and this implies (ii). Further, since for r ≥ 2 the values θ r,k decrease as k decreases, we obtain ϑ r = θ r,1 −θ r+1,1 = θ r+1,2 −θ r+1,1 ≥ 0. To obtain 1+ϑ 1 = 1+η 0 −η 1 ≥ 0 it is enough to show 1 ≥ η 1 or η 0 ≥ η 1 . While the latter is satisfied by most functions met in the applications, the former (which we will use), holds for all functions satisfying (4) and ∆t sufficiently small. This follows because T (t) → 0 as t → 0 and
if ∆t is close to 0.
To complete the proof of the Lemma we calculate
and so (iii) follows.
The above construction leads to the discrete-in-time scheme for (7)- (8). Define u 1 , u 2 , . . . u n as solutions of
where
, 1 ≤ k ≤ n, the term u 0 is the prescribed initial data, and f j corresponds to the piecewise constant approximation of f defined above. Below we prove that this semi-discrete scheme is stable, and in the next section we show convergence of its fully discrete counterpart. Both of these results rely on similar ideas, applicable to discrete equations of the form similar to (14) , with general right hand side terms. We note also the correspondence between the discrete results and the proof for the continuous case given in Lemma 1.
The following auxiliary result is a counterpart of the discrete Gronwall lemma.
Lemma 4. Let τ satisfy (4) and ∆t be small. Then the solution of the discrete equation
satisfies the estimate
Proof. Rewrite (15) to get (compare with (9))
or, in the weak form
Since ϑ j−k is nonnegative for j − k ≥ 2 and 1 + ϑ 1 ≥ 0 (by Lemma 2.iii), setting v = v j and using the Schwarz inequality and positivity of M we obtain (see (10))
Divide both sides by |v j |, multiply by ∆t, and apply Lemma 2.iii to get (compare (12))
, we can apply Lemma 3. Summing the terms and using Lemma 2.ii we obtain
and, hence, the conclusion of the Lemma.
Note that if we set F j = f j in (15), then Lemma 4 gives us directly the estimate
for the solution of (14) . Hence, the following result holds.
Corollary. If ∆t is small, then the solutions of (14) satisfy
Convergence result
In this section we define the fully discrete scheme and prove our main result, i.e., that this scheme is convergent. The fully discrete scheme is based on the difference scheme (14) which we apply to the weak form of the problem (1)- (3) ,
In what follows we shall assume that
is the unique solution of (17)- (18) and
Now we specify the appropriate spatial discretization of the problem. Consider a finite element space V h ⊂ V of piecewise linear functions based on a quasiuniform triangulation of the domain Ω with parameter h. (We apply the standard construction described, e.g., in the monograph [7] .) V h is of dimension N h and is spanned by basis functions
. The mass and the stiffness matrices are defined respectively by
Note that C as a Gramm matrix is always nonsingular and A is positive definite. A is always at least positive semi-definite, even if we replace (2) by non-Dirichlet boundary conditions.
We define the approximation U : I → V h of u as a function piecewise linear in the time variable based on the set of values U (t j ) def = U j ∈ V h , 0 ≤ j ≤ n, which are the solutions of the discrete problem
The linear system (20) can be rewritten in the matrix-vector form
, and we identify U j ∈ V h with U j ∈ R N h . With η 0 positive, the matrix B to be inverted is always nonsingular, hence, the approximations U j , 0 ≤ j ≤ n are well defined.
Below we prove convergence of the approximation using the technique of elliptic projections introduced in [35] and apply the well-known result following from the Nitsche argument (see, e.g., [7] ).
Lemma
If u satisfies (19), thenũ is as smooth as u in the time variable, and the approximation properties
hold with a positive constantC independent of h, u.
Now we prove the convergence rate estimate.
Theorem. Let u satisfy (19) . Let also (4), (5), (6) hold and ∆t be sufficiently small. Then the approximation error satisfies the estimate
with constant C independent of h, ∆t.
Proof. The approximation error can be represented as a sum of two terms estimated individually by
where we have used the approximation properties (see Lemma 5) to bound the first term and Lemma 6, to be proved below, for the second term. The constants C 1 , C 2 depend on the problem data and its solution but are independent of the approximation parameters. Hence the inequality (23) follows.
We note that the convergence rate O(∆t+h 2 ) predicted by the Theorem is of the same order as the corresponding rate for the analogous discrete scheme defined for the heat diffusion equation (i.e., if τ ≡ 0). Such a result for the diffusion equation is known to be optimal (see [35] ). Our assumptions on the smoothness of the solution (19) are only slightly stronger than those required for convergence of approximation to the diffusion equation.
Lemma 6. Let the assumptions of the Theorem hold. Then each
Proof. We omit the x variable for simplicity of notation. Take 1 ≤ j ≤ n and v ∈ V h in (17), integrate both sides of the equation over I j , use the definition of f j and subtract the result from (20) multiplied by ∆t to get
Using U k = ξ k +ũ(t k ), 1 ≤ k ≤ j, we rewrite the last identity as
where we denote α j = Ij u(s)ds − ∆tu(t j ). Note that from the definition ofũ we have (Mα j , v) = a(α j , v) = a( Ij u(s)ds − ∆tũ(t j ), v). Now, in order to rewrite (24) in a more convenient form, we combine the last two terms on its r.h.s. using the fact that
Hereū is the piecewise linear approximation (in the time variable) ofũ, and byū t = (ū) t we mean its time derivative. (Note that (ū) t = (ũ t ), i.e.,ū t is piecewise constant.) We shall use the decomposition
The identity (24) thus reads
If we divide both sides of this identity by ∆t, it takes the (weak) form of the discrete equation for ξ j (compare e.g. (15), (16)) considered in Lemma 4, with vector F j defined by
Directly applying the result of Lemma 4 we get
and now we need to find bounds for ξ 0 and i j=1 ∆t|F j |. This is pursued below. By definition of U 0 and the approximation property (Lemma 5), we have
For the first term in (25) we have
For the second term in (25) we apply Lemma 5 to get
For the remaining terms we have
The desired bounds follow from continuity of L (its norm on L 1 ((0, t i )) equals T (t i )) combined with estimates for |g t | and |g t |. These are the error between u t and its piecewise constant approximant (in time variable) (u t ) = (ū) t , and the error between (ū) t and its elliptic projection (ū) t = (ū) t , respectively. The estimates for the latter then follow from Lemma 5, while the former is dealt with in a standard manner:
Hence, (26) leads to the estimate
which completes the proof of the Lemma.
Numerical experiments
In order to verify the convergence rate estimates derived above we performed numerical experiments in which the approximation error was measured for a given exact solution and an approximate solution calculated with the help of the discrete scheme (22) . Our tests were made for two differential problems: the linear one as in the original problem (1)- (3) and a quasilinear one (see Example 3 below). In both cases we obtained a confirmation of the convergence rate predicted by the Theorem for the linear case. The convergence for the quasilinear problem is important in applications, e.g., it was used in calculations realized for coupled nonlinear models of flow in fissured media (see [26, 27] ).
We choose Ω = (0, 1) × (0, 1), T = 1 and consider a function
which is the exact solution of the problem (1)-(3) with u f (·) defined below. Note that u satisfies the homogeneous Dirichlet boundary condition on Γ and that u 0 is determined by the choice of u f . The convolution kernel τ is one of the following three arising in applications (see [14, 25] ).
Note that in case (a) the problem (1)- (3) is equivalent to the heat equation, and in case (b) we are given a nonsingular kernel. In case (c), τ 3 is the indicated FourierBessel series which is singular at the origin, and its values cannot be calculated exactly but only approximately. This is done by deleting the last terms of the series, i.e., the summation includes only the first N τ terms. Such an approximation gives satisfactory results when calculating values of τ or of its integral T . However it is not sufficient if we need values of any convolution integral τ * g unless g is constant.
The spatial domain Ω is covered with a regular triangular finite element grid with discretization parameter h taking test values h i , 1 ≤ i ≤ 5 as in Table 1 (different  test values for different examples) . For each i we set the time step ∆t i ≈ h set the appropriate number of time steps n i ; next we solve (22) and calculate the approximation error σ i defined by (23) . In order to study the convergence rate we first findh andσ, which are geometric means of the values of h i , σ i respectively, and then we identify the exponent ς i according to the conjecture
Note that the Theorem predicts ς i = 2.
Example 1. The function u f is set to u f (t) = t + 1 and D ≡ I, the identity tensor. The function f in (1)-(3) can be calculated analytically for each of the kernels τ 1 , τ 2 , τ 3 . The corresponding approximate error and values of σ i , ς i are presented in Table 2 .
The results confirm the convergence claims of the Theorem. The approximation error σ i decays with h ςi i and ς i is close to 2, i.e., the rate of convergence is quadratic. Note that there is no essential difference between the results corresponding to τ 1 (i.e., the case of no memory effects) and the results corresponding to τ 2 or τ 3 . Also, the approximation scheme gives results of the same quality for both kernels τ 2 and τ 3 , i.e., the singularity of the kernel doesn't slow the convergence of the scheme.
Example 2. With D as in Example 1, the function u f is set to be u f (t) = e t or u f (t) = e −t ; the corresponding function f in (1)- (3) can be calculated analytically only for nonsingular kernels, i.e., for τ 1 and τ 2 . The results collected in Table 3 confirm the convergence claims.
Example 3. In this example the differential problem to be solved is the quasilinear equation
Elements of the tensor D are dependent on the solution u by D i,j (u) = δ i,j (u + 1) with Kronecker's symbol δ i,j . The corresponding numerical approximation is Table 3 . Table 4 . (22) on the solution. This is achieved by the standard predictor corrector procedure (see [35] ) with two predictor-corrector steps. The approximation procedure is convergent, as is shown by the values of ς i calculated for u f (t) = 1 + t as in Table 4 and for u f (t) = e t , u f (t) = e −t as in Table 5 .
Implementation
There are two main complexity issues in the implementation of the numerical algorithm for solution of the problem (22) . The first is the amount of computer memory necessary to keep track of the "history" of the process. The second issue is related to the time spent on the solution of the linear system (22) which can be decreased via an implementation in a multiprocessing environment. Below we discuss both issues.
The history of the process expressed by the convolution integral in the continuous problem requires that the values of u(t) for 0 < t < T depend on the values of the derivative of the solution u t (s) in the whole interval s ∈ (0, t). In the language of the discrete solution it means that in order to calculate the r.h.s. of (22) at the jth time layer, all the vectors U k , 0 ≤ k < j have to be "accessible" to the numerical algorithm, so we must keep them stored in memory. This requirement dramatically increases the amount of memory necessary for the implementation of the algorithm. In contrast, in the case of the heat equation one needs only to store values from the previous time layer, i.e., only one solution vector instead of j vectors as in the "memory effects" case. The storage problem, as an important complexity issue, had been seriously considered in [20, 24, 31, 34] . Those theoretical results apply to the integrals with bounded kernels, except for those presented in [34] which however rely on an explicit formula for the kernel. As mentioned in the Introduction, the convolution kernels for the class of problems considered in this paper arise from some auxiliary differential problem and are usually singular. Their values in general are available only by numerical approximation, see [25, 27] ). The general solution for the storage issue applicable in the singular kernel case is still to be sought. Below we supply some remarks concerning the practical solution to this issue.
One way to avoid storing all the time layer vectors would be to explicitely cut off in (22) all the calculations involving time layers which are "far enough" from the current time layer. Practically, we do it by setting the coefficients ϑ r = 0 either if (a) ϑ r < or if (b) r > n ; the barrier parameters (n , ) are set appropriately to the data of the problem. In other words, we use perturbed values of coefficients ϑ r . The well-posedness of the problem implies that the perturbed values of τ introduce a continuous perturbation in the approximation error. However the values of ϑ r for fixed ∆t are related rather to the derivative of τ and not to τ , and our numerical experiments show that one should be very careful with deciding which time layers are to be taken into account or ignored while calculating the "history of the diffusion." If we follow approach (a), then in the extreme cases a careless choice of may even prevent convergence. With decreasing discretization parameters the barrier value for ϑ r is very soon reached, even for a singular kernel. Then the number of layers taken into account may be not big enough to guarantee convergence. Hence an individual choice of appropriate fitting the discretization parameters and convolution kernel is necessary.
In the case (b) the best strategy, according to our numerical experiments, is to set a fixed ratio between the number of layers to be included in calculations and the total number of layers, for example 1/2. Then the approximation error decays but the price paid for the memory savings is the slower convergence than that predicted by the Theorem.
Another approach to this issue might be to use some implementation specific tricks that avoid the direct storage in the computer memory. In certain computing environments some cache or register memory devices (faster than the disk storage devices) are available which might provide secondary storage for the time layer vectors. Additionally, in a multiprocessing environment, a process calculating the discrete convolution term using the time layer vectors stored aside can execute in parallel to other components of the algorithm.
The second complexity issue, i.e., that of the linear system solver, can be efficiently resolved with use of a multiprocessing computing environment as well. We describe our results concerning this issue below.
The linear system (22) is a system with a sparse positive definite matrix B. We solve it by the Schwarz Alternative Method of Additive Type (SAM) which is a domain decomposition (DD) method belonging to parallelizable PCG (preconditioned conjugate gradient) methods (see [8, 9, 10] and references therein). In this method the spatial domain of the differential problem, which is discretized with a fine grid, is split into subdomains forming a coarse grid. The problem is delegated to solvers executing in parallel and corresponding to the overlapping subdomains, with an additional solver operating on the coarse mesh and providing the global exchange of information between subdomains. The method is effective for linear systems arising from elliptic 2D and 3D problems (see [11] or [5] ) as well as for parabolic problems, where in most cases no coarse mesh solver is necessary (see [4, 8, 9] .) The algorithm can be implemented very well in multiprocessing envionments (see [11, 13] ).
Our results show that SAM applies equally as well to the problem (22) as it does to the algebraic problems arising from the heat equation. This is to be expected since the performance of the method depends on the conditioning of the linear system matrix B, which is even better for nontrivial τ than for τ ≡ 0. For details on implementation see [25] .
Appendix
Below we prove the continuous stability result for the general case of possibly singular convolution kernels. This result is given for completeness, since in Section 2 we considered (for the sake of exposition) only the case of kernels defined at the origin. The proof relies on a particular property of the convolution operator, and this is demonstrated in the sequel.
Lemma 7. Let τ satisfy (4). Let also u be a solution of (7)- (8) . Then u satisfies |u(t)| ≤ C τ (t)|u 0 | + C f 2,0,t .
Proof. Multiply (7) by u and integrate the resulting identity over Ω to obtain hence, the conclusion of the Lemma.
In the Lemma below we adopt notation for functions and measures as in [12] , where general properties of monotone kernels are considered. In particular, we use v to denote the derivative of a (locally absolutely continuous) function v with respect to the time variable. The proof of the Lemma follows the idea sketched in [12] . Proof. First we prove the counterpart of (29) for real valued functions v ∈ H 1 (I) and Q R (t, τ, v), i.e., we want to prove
Note that if τ is nonsingular we can write τ * v = −τ (t)v(0) + τ (0)v(t) + τ * v.
In the general case of τ singular at the origin we reformulate τ * v similarly, using the (Borel) measure γ obtained as the (distribution) derivative of τ . Formally we have γ((0, t)) = τ (t) at all points of continuity of τ , i.e., for t > 0. This implies (f * τ ) = f * γ for any L 2 (I) integrable f , and in addition we derive τ * v = −τ (t)v(0) + (v * τ ) = −τ (t)v(0) + v * γ.
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